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equationAbstract The objective of this paper is to present a reliable approach to compute an approximate
analytical solution of magneto-hydrodynamic (MHD) Jeffery–Hamel flow by using a new modifi-
cation of Adomian decomposition method. The approximate solution of this problem is calculated
here in the form of a rapidly convergent series at one and both grid points. Results for velocity
profiles in divergent and convergent channels are presented for different values of Hartmann and
Reynolds numbers. The validity and applicability of this new technique are illustrated through a
comparison between reproducing Kernel Hilbert Space Method (RKHSM) (Inc et al., 2013),
Modified Homotopy Perturbation Method (MHPM) (Singh, 2014) and numerical solutions.
 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The flow between two inclined plates is one of the most widely
applied cases in the mechanical engineering applications. Jef-
fery [9] and Hamel [7] set the mathematical foundation of this
kind of flow. The flow between two planes that meet at an angle
was first analyzed by Jeffery [9] and Hamel [7] known as Jef-
fery–Hamel flow. They worked on incompressible viscous fluid
flow through convergent–divergent channels and presented a
similarity solution of Navier–Stokes equations in special case
of two-dimensional flow through a channel with inclined planewalls meeting at a vertex having a source or sink. A wealth of
information about Jeffery–Hamel flow can be found in Batch-
elor [5]. The theoretical study of magneto–hydrodynamic chan-
nel has been a subject of many applications in the design of
cooling systems with liquid metals, accelerators, pumps and
flow meters [6]. In Jeffery – Hamel flow, the magnetic field acts
as a control parameter and there is a presence of additional
non-dimensional parameters namely the magnetic Reynolds
number and the Hartmann number beside the angle of the walls
considered in this problem. Therefore, a variety of solutions
could be expected as compared to classical problem. Till now
several approaches being made to find an approximate solution
of classical Jeffery–Hamel flow [4] equation.
Sheikholeslami et al. [12] used Adomian decomposition
method to study the analytical investigation of Jeffery–Hamel
flow with high magnetic field with nanoparticle and similarly
investigated the rotating MHD viscous flow and heat transfer
between stretching and porous surfaces using analytical
method [13]. Sheikholeslami et al. [14] applied Homotopy
perturbation method to study the three-dimensional problemams Eng
Figure 1 The geometry of the MHD Jeffery – Hamel flow.
2 H.S. Patel, R. Meherof condensation film on inclined rotating disk. Sheikholeslami
et al. [15] discussed steady nanofluid flow between parallel
plates by considering the thermophoresis and Brownian
effects. Sheikholeslami et al. [16] applied ADM to investigate
the squeezing unsteady nanofluid flow. Sheikholeslami and
Ganji [17] discussed nanofluid flow and heat transfer between
parallel plates considering Brownian motion by using DTM.
Sheikholeslami et al. [18] discussed the forced convection heat
transfer in a semi annulus under the influence of a variable
magnetic field. Sheikholeslami et al. [19] discussed the effect
of non-uniform magnetic field on forced convection heat trans-
fer of water nanofluid. Sheikholeslami and Rashidi [20] dis-
cussed ferrofluid heat transfer treatment in the presence of
variable magnetic field. Sheikholeslami and Ellahi [21] investi-
gated three dimensional mesoscopic simulation of magnetic
field effect on natural convection of nanofluid. Sheikholeslami
and Ganji [22] used entropy generation of nanofluid in the
presence of magnetic field using Lattice Boltzmann Method.
Sheikholeslami and Ganji [23] discussed ferrohydrodynamic
and magnetohydrodynamic effects on ferrofluid flow and con-
vective heat transfer. Sheikholeslami and Abelman [24] used
two-phase simulation of nanofluid flow and heat transfer in
an annulus in the presence of an axial magnetic field. Sheik-
holeslami [25] studied effect of uniform suction on nanofluid
flow and heat transfer over a cylinder. Sheikholeslami et al.
[26] discussed Lattice Boltzmann simulation of nanofluid heat
transfer enhancement and entropy generation. Here an exten-
sion has been done in classical Jeffery–Hamel flow and a new
MADM [2,3] is used to find an analytical solution of MHD
Jeffery–Hamel problem. This method provides the solution
as an infinite series in which each term can be easily deter-
mined. First Wazwaz [27] proposed a reliable modified tech-
nique of ADM that accelerates the rapid convergence of the
decomposition series solution. The modified decomposition
needs only a slight variation from the standard decomposition
method. The modified decomposition method can provide the
exact solution by using only two iterations and sometimes
without using the so-called Adomian polynomials, and its
effectiveness is based on the assumption of the function f
which can be divided into two parts and depends on the proper
choice of f1 and f2. The MADM provides the solution in a
rapid convergent series which may lead the solution in a closed
form. The advantage of this method is its capability of obtain-
ing the solution in least number of steps as compared to Ado-
mian Decomposition Method.
2. Mathematical formulation of Jeffery – Hamel ﬂow
Consider a steady two-dimensional flow of an incompressible
conductive viscous fluid between two rigid plane walls that
meet at an angle 2a as shown in Fig. 1. Here it is assumed that
the velocity is purely in radial direction and merely depends on
r and h. The continuity equation and Navies–Stokes equation








































where B0 be the electromagnetic induction, r is the conductiv-
ity of the fluid, uðr; hÞ is the velocity along radial direction, p is
the fluid pressure, v is the coefficient of kinematic viscosity and
q be the fluid density.
Eq. (1) can be written of the form
fðhÞ  ruðr; hÞ ð4Þ
By using the dimensionless parameters
EðgÞ ¼ fðhÞ
fmax
where g ¼ h
a
ð5Þ
In Eqs. (2) and (3) and ellimation of p, it obtains a third
order ordinary differential equation for the normalized func-
tion profile EðgÞ as follows:
E000ðgÞ þ 2aReEðgÞE0ðgÞ þ ð4HaÞa2E0ðgÞ ¼ 0 ð6Þ
with suitable boundary conditions
Eð0Þ ¼ 1; E0ð0Þ ¼ 0; Eð1Þ ¼ 0 ð7Þ
which comes from these facts that, we have @uðr;hÞ
@h ¼ 0 at center-
line of the channel and uðr; hÞ ¼ 0 at the plates that make the
body of the channel.
Here a is the semi-angle between the two inclined walls,
Reynolds number Re ¼ aUmax
v
and Ha2 ¼ rB20qv is the square of
the Hartmann number. It is worth here to mention that for
the case of convergent channels, Umax < 0 and for divergent
channels, Umax > 0, beside Hartmann number and Reynolds
number is always positive.
3. Description of the Adomian decomposition method and
Modiﬁed Adomian Decomposition Method
In the early 1980s, Adomian [3] developed an approximate
analytical method in order to solve nonlinear functional equa-
tions that are of the form
LEþ REþNE ¼ g ð8Þ
where L represents the linear term, RE represents the remain-
der or lower order terms, NE represents the nonlinear term,
and g is the nonhomogeneous term.ry–Hamel Flow by Modiﬁed Adomian Decomposition Method, Ain Shams Eng
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Assume that the solution function EðgÞ and the nonlinear











where the An’s are the Adomian polynomials that depend only
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Enþ1ðgÞ ¼ L1RðEnðgÞÞ  L1ðAnÞ
ð12Þ
which yields the iterates EnðgÞ, the sum of which converges to
the solution EðgÞ if it exists.
3.2. Modified decomposition method
A reliable modification of Adomian decomposition method
was developed by Abbaoui, Wazwaz [1,27] and its effectiveness
had been confirmed through many studies. To apply this mod-
ification, here it is assumed that the function E0ðgÞ can be
divided into the sum of two parts, namely F0ðgÞ and F1ðgÞ,
and it can be written as
E0 ¼ FðgÞ ¼ F0ðgÞ þ F1ðgÞ ð13Þ
Under this assumption, we propose a slight variation in E0
and E1 as compared to ADM. The variation here is that only
one part F0ðgÞ be assigned to the zeroth component E0,
whereas the remaining part F1ðgÞ is combined with the other
terms E1 to define E1. In view of these suggestions, it formu-
lates the modified recursive algorithm as follows:
E0 ¼ F0ðgÞ;
E1 ¼ F1ðgÞ  L1RðE0Þ  L1ðA0Þ;
Ekþ1 ¼ L1RðEkÞ  L1ðAkÞ; kP 1
ð14Þ
The choice of E0 which contain minimal number of terms
has a strong influence on facilitating the formulation of
Adomian polynomials An.
The Adomian technique is equivalent in determining the
sequence Sn ¼ E1 þ E2 þ . . .þ En by using the iterative schemePlease cite this article in press as: Patel HS, Meher R, Analytical Investigation of Jeﬀe
J (2016), http://dx.doi.org/10.1016/j.asej.2016.02.007S0 ¼ 0;
S1 ¼ E1;
Snþ1 ¼ NðE0 þ SnÞ; nP 1
ð15Þ
Associated with the functional equation
S ¼ 1
2
ððRþNÞðE0 þ SnÞÞ ð16Þ
Theorem 1. LetN be an operator from aHilbert SpaceH intoH
and let E be an exact solution of Eq. (8).
P1
i¼0Ei which is
obtained by Eq. (15), converges to the exact solution E, if there
exists a b, 0 6 b < 1; such that kEkþ1k 6 bkEkk; 8k 2 N [ f0g.
Proof. We have
S0 ¼ 0;
S1 ¼ S0 þ E1 ¼ E1;
S2 ¼ S1 þ E2 ¼ E1 þ E2;
..
.
Sn ¼ Sn1 þ En ¼ E1 þ E2 þ E3 þ :::þ En
and we will show that fSng1n¼0 is a Cauchy sequence in a
Hilbert Space H.
Now for
kSnþ1  Snk ¼ kEnþ1k 6 bkEnk 6 b2kEn1k 6 . . . 6 bnþ1kE0k











which implies limn;m!1kSn  Smk ¼ 0, i.e., fSng1n¼0 is a
Cauchy sequence in a Hilbert Space H and it convergence to







ðRðE0 þ SnÞ þNðE0 þ SnÞÞ
¼ 1
2
Rðlimn!1ðE0 þ SnÞÞ þN limn!1ðE0 þ SnÞð Þð Þ
¼ 1
2
limn!1RðE0 þ SnÞ þ limn!1NðE0 þ SnÞð Þ
¼ 1
2
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4 H.S. Patel, R. MeherDeﬁnition 1. For every i 2 N [ f0g, bi can be defined as
bi ¼
kEiþ1k
kEik ; kEik – 0
0; kEik ¼ 0
(
Corollary 1. If 0 6 bi < 1; i ¼ 1; 2; 3; . . . ; then
P1
i¼0Ei is con-
verges to the exact solution E.
Corollary 2. If Ei and eEi are obtained by standard and a Mod-
ified Adomian Decomposition Method, respectively, and both
bi and ~bi are less than one, then the rate of convergence of bothP1
i¼0Ei and
P1
i¼0 eEi depends on the values of bi’s and ~bi’s. Now





i¼0Ei.Figure 2 A comparison of Numerical result (circles) with
Modified Adomian Decomposition Method (solid line) for the
velocity profile using Re ¼ 50 and Ha ¼ 1000 when a > 0.
Figure 3 A comparison of Numerical result (circles) with
Modified Adomian Decomposition Method (solid line) for the
velocity profile using Re ¼ 50 and Ha ¼ 1000 when a < 0.4. Application of the Modiﬁed Adomian Decomposition Method
to Jeffery – Hamel ﬂow
Eq. (6) can be written as
E000ðgÞ ¼ 2aReEðgÞE0ðgÞ  ð4HaÞa2E0ðgÞ ð17Þ
The operator form of Eq. (17) can be written as follows:
LE ¼ 2aReEðgÞE0ðgÞ  ð4HaÞa2E0ðgÞ ð18Þ









On both sides of Eq. (18), with the boundary conditions at





where C ¼ E00ð0Þ is a constant to be determined later by using
the boundary condition at g ¼ 1. Following the process of
MADM, the series solution of Eq. (6) can be written asX1
n¼0













which yields the recurrence relation as follows:
E0ðgÞ ¼ 1;
E1ðgÞ ¼ C2! g2;




Ekþ1ðgÞ ¼ 2aReL1ðAkÞ  ð4HaÞa2L1ðE0kðgÞÞ; kP 2
ð22Þ
where the Adomian polynomials for the nonlinear operator
VðEÞ ¼ EðgÞE0ðgÞ can be written as
A0ðgÞ ¼ E0ðgÞE00ðgÞ;
A1ðgÞ ¼ E0ðgÞE01ðgÞ þ E1ðgÞE00ðgÞ;
A2ðgÞ ¼ E0ðgÞE02ðgÞ þ E1ðgÞE01ðgÞ þ E2ðgÞE00ðgÞ;
..
.
ð23ÞPlease cite this article in press as: Patel HS, Meher R, Analytical Investigation of Jeﬀe
J (2016), http://dx.doi.org/10.1016/j.asej.2016.02.007Hence, the approximate solution EðgÞ, corrected up to three
terms can be written as follows:
EðgÞ ¼ 1þ C
2!







On imposing the boundary condition, at g ¼ 1, Eq. (24)
gives
C ¼  24
12 2aRe a2ð4HaÞ ð25Þry–Hamel Flow by Modiﬁed Adomian Decomposition Method, Ain Shams Eng
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EðgÞ ¼ 1 12
12 2aRe a2ð4HaÞ g
2
þ 2aRe




12 2aRe a2ð4HaÞ g
4 ð26Þ
which depends on g and the accuracy of EðgÞ increases with
increasing the number of solution terms g.
Now by Corollary 1, sinceFigure 4 A comparison of Numerical result (circles) with
Modified Adomian Decomposition Method (solid line) for a > 0
for different Ha and Re ¼ 50.
Figure 5 A comparison of Numerical result (circles) with
Modified Adomian Decomposition Method (solid line) for a < 0
for different Ha and Re ¼ 50.
Please cite this article in press as: Patel HS, Meher R, Analytical Investigation of Jeﬀe
J (2016), http://dx.doi.org/10.1016/j.asej.2016.02.007a0¼kE1k1kE0k1 ¼ 0:01103< 1
a1¼kE2k1kE1k1 ¼ 0:00094< 1
; hence; it implies
X1
i¼0
Ei is convergent:4.1. Graphs
Figs. 2 and 3 show the comparisons between available Numer-
ical results with Modified Adomian Decomposition Method
for Re ¼ 50 and Ha ¼ 1000 and for different a’s which
shows a good agreement between MADM and fourth orderFigure 6 Comparison of Numerical results (circles) with Mod-
ified Adomian Decomposition Method (solid line) for a > 0 and
for different Re, when Ha ¼ 50.
Figure 7 Comparison of Numerical results (circles) with Mod-
ified Adomian Decomposition Method (solid line) for a < 0 and
for different Re, when Ha ¼ 50.
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Table 1 Comparison between MADM and Numerical solu-
tion in divergent channel when Re ¼ 50 and Ha ¼ 1000 when
a ¼ 5.
6 H.S. Patel, R. MeherRunge–Kutta Method (NM). The error has been discussed in
Tables 1 and 2.
Figs. 4 and 5 discuss the variation of E for a > 0 and a < 0
with different Ha by keeping Re ¼ 50 fixed and the obtained
result has been compared with the available Numerical results
which shows a good agreement between MADM and fourth
order Runge–Kutta Method (NM). It appears from the graph
that, the steep of the channel be divergent for a > 0 and con-
vergent for a < 0. The velocity curves show that the rate of
transport is considerably reduced with increase in Hartmann
number. This clearly indicates that the transverse magneticFigure 8 Comparison of Numerical results (circles) with Mod-
ified Adomian Decomposition Method (solid line) for different a’s,
Re = 50 and Ha= 0.
Figure 9 Comparison of Numerical result (circles) with Modi-
fied Adomian Decomposition Method (solid line) for different a’s,
Re ¼ 50 and Ha ¼ 0.
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J (2016), http://dx.doi.org/10.1016/j.asej.2016.02.007field opposes the transport phenomena. This is due to the fact
that variation of Ha leads to the variation of the Lorentz force
due to magnetic field and the Lorentz force produces more
resistance to transport phenomena as discussed by Sheik-
holeslami et al. [12].a= 5
g MADM Numerical Error
0.00 1.0000000000 1.000000000 0.00E+00
0.05 0.9972421840 0.9976051266 3.64E04
0.10 0.9889764899 0.9904272154 1.46E03
0.15 0.9752261792 0.9784856255 3.33E03
0.20 0.9560300213 0.9618100752 6.01E03
0.25 0.9314422932 0.9404368631 9.56E03
0.30 0.9015327797 0.9144036551 1.41E02
0.35 0.8663867734 0.8837428679 1.96E02
0.40 0.8261050744 0.8484737175 2.64E02
0.45 0.7808039907 0.8085929634 3.44E02
0.50 0.7306153381 0.7640642437 4.38E02
0.55 0.6756864400 0.7148059216 5.47E02
0.60 0.6161801275 0.6606772549 6.74E02
0.65 0.5522747396 0.6014624512 8.18E02
0.70 0.4841641227 0.5368520846 9.81E02
0.75 0.4120576314 0.4664210525 1.17E01
0.80 0.3361801276 0.3896018881 1.37E01
0.85 0.2567719811 0.3056518077 1.60E01
0.90 0.1740890696 0.2136112049 1.85E01
0.95 0.0884027782 0.1122503834 2.12E01
1.00 0.0000000000 0.0000000000 0.00E+00
Table 2 Comparison between MADM and Numerical solu-
tion in convergent channel when Re ¼ 50 and Ha ¼ 1000 when
a ¼ 5 .
a= 5
g MADM Numerical Error
0.00 1.0000000000 1.0000000000 0.00E+00
0.05 0.9989391477 0.9991973819 2.58E04
0.10 0.9957133081 0.9967567004 1.04E03
0.15 0.9901926333 0.9925782199 2.39E03
0.20 0.9821607101 0.9864914948 4.33E03
0.25 0.9713145601 0.9782489428 6.93E03
0.30 0.9572646395 0.9675165808 1.03E02
0.35 0.9395348394 0.9538617983 1.43E02
0.40 0.9175624854 0.9367379265 1.92E02
0.45 0.8906983380 0.9154652381 2.48E02
0.50 0.8582065924 0.8892083429 3.10E02
0.55 0.8192648784 0.8569499740 3.77E02
0.60 0.7729642608 0.8174612678 4.45E02
0.65 0.7183092387 0.7692693193 5.10E02
0.70 0.6542177463 0.7106233991 5.64E02
0.75 0.5795211525 0.6394623698 5.99E02
0.80 0.4929642607 0.5533874550 6.04E02
0.85 0.3932053092 0.4496468019 5.64E02
0.90 0.2788159711 0.3251413493 4.63E02
0.95 0.1482813538 0.1764654178 2.82E02
1.00 0.0000000000 0.0000000000 0.00E+00
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Table 3 Comparison of MADM (Ha ¼ 0) with RKHSM and MHPM for EðgÞ when Re ¼ 80 and a ¼ 5. Error 1: |MADM–
Numerical|. Error 2: |RKHSM–Numerical|. Error 3: |MHPH–Numerical|.
a= 5
g MADM Numerical RKHSM [8] MHPM [11] Error 1 Error 2 Error 3
0 1.0000000000 1.0000000000 1.0000000000 1.0000000000 0.00E+00 0.00E+00 0.00E+00
0.1 0.9953253809 0.9967567004 0.9959599900 0.9962165196 1.43E03 7.97E04 2.57E04
0.2 0.9806560227 0.9864914948 0.9832750000 0.9843230775 5.84E03 3.22E03 1.05E03
0.3 0.9540554234 0.9675165808 0.9601700000 0.9625668179 1.35E02 7.35E03 2.40E03
0.4 0.9122960795 0.9367379265 0.9235190000 0.9276517677 2.44E02 1.32E02 4.13E03
0.5 0.8508594860 0.8892083429 0.8684582600 0.8743082951 3.83E02 2.08E02 5.85E03
0.6 0.7639361363 0.8174612678 0.7880900000 0.7949430464 5.35E02 2.94E02 6.85E03
0.7 0.6444255229 0.7106233991 0.6731400000 0.6795990006 6.62E02 3.75E02 6.46E03
0.8 0.4839361363 0.5533874550 0.5119873503 0.5164879998 6.95E02 4.14E02 4.50E03
0.9 0.2727854661 0.3251413493 0.2915582665 0.2933661078 5.24E02 3.36E02 1.81E03
1 0.0000000000 0.0000000000 0.0000000002 0.0000000005 0.00E+00 2.00E10 3.00E10
Analytical investigation of Jeffery–Hamel flow 7Figs. 6 and 7 discuss the variation of E for a > 0 and a < 0
with different Re by keeping Ha ¼ 50 fixed. The obtained
result has been compared with the available Numerical results
which shows a good agreement between MADM and fourth
order Runge–Kutta Method (NM) and the steep of the chan-
nel be divergent for a> 0 and convergent for a < 0 with dif-
ferent Reynolds number Re ¼ 15; 25 and 35 where no back
flow is observed but if we increase the Reynolds number with
Hartmann number and then backflow starts and to eliminate
this back flow a greater magnetic field be needed as discussed
by Sheikholeslami et al. [12].
Figs. 8 and 9 discuss the variation of E for a > 0 and a < 0
with different a by keeping Ha ¼ 0 and Re ¼ 50 fixed. The
obtained result has been compared with the available Numer-
ical results which shows a good agreement between MADM
and fourth order Runge–Kutta Method (NM) and the steep
of the channel be divergent for a > 0 and convergent for
a < 0 with different a.
5. Results and discussion
In this study, the objective is to apply MADM to obtain an
explicit analytic solution of the MHD Jeffery–Hamel problem.
The magnetic field acts as a control parameter such as the flow
Reynolds number and the angle of the walls in MHD Jeffery–
Hamel problems. There is an additional non-dimensional
parameter that determines the solutions, namely the Hartmann
number. Tables 1 and 2 discuss the comparison results
for MADM and Numerical results of Jeffery–Hamel flow
for divergent and convergent channels with Re ¼ 50 and
Ha ¼ 1000.
A few limited cases of the MADM solutions were compared
with the available Reproducing Kernel Hilbert Space
Method (RKHSM), Modified Homotopy Perturbation
Method (MHPM) and Numerical results. The comparison
between the available results and MADM solution for velocity
when Re ¼ 80 and a ¼ 5 is shown in Table 3 to illustrate the
accuracy. The error bar shows an acceptable agreement
between the results observed, which confirms the validity of
the MADM. In these tables, error is introduced as follows:
Error ¼ jEðgÞMADM EðgÞNMj.
Finally it can be concluded thatPlease cite this article in press as: Patel HS, Meher R, Analytical Investigation of Jeﬀe
J (2016), http://dx.doi.org/10.1016/j.asej.2016.02.0071. When a > 0 and steep of the channel is divergent, it implies
as the value of Re number increases the velocity profile
decreases for a ¼ 5.
2. When a < 0 and the steep of the channel is convergent, it
implies the value of velocity profile increases with Re num-
ber, for a ¼ 5.
6. Conclusion
Here, in this paper magneto hydrodynamics Jeffery–Hamel
flow is solved by an analytical method known as Modified
Adomian Decomposition Method (MADM) and compared
the obtained results with the Numerical results obtained by
Runge–Kutta method of 4th order with its convergence study
to show the efficiency of the method. It can be found that
MADM is a powerful approach for solving this problem,
and also it is observed that there is a good agreement between
the present and Numerical result. Hence it can be concluded
that increasing Reynolds number with greater angles needs
high Hartmann number for reduction in back flow.Acknowledgments
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